We find the R matrix for the inhomogeneous quantum groups whose homogeneous part is GL q (n), or its restrictions to SL q (n),U q (n) and SU q (n). The quantum Yang-Baxter equation for R holds because of the Hecke relation for the braiding matrix of the homogeneous subgroup. A bicovariant differential calculus on IGL q (n) is constructed, and its application to the D = 4 Poincaré group ISL q (2, C) is discussed.
Riemannian geometry seems to be inadequate to describe spacetime at very short distances. However, the beautiful notion of spacetime as a coset space G/H needs not to be abandoned. Within the framework of quantum groups [1] - [4] , we may conceive a q-spacetime = q-Poincaré q-Lorentz (1) spanned by non-commuting coordinates, whose q → 1 limit is the usual spacetime.
In this Letter we take a step in this direction, and initiate a study of the differential geometry of inhomogeneous quantum groups, having in mind the application to the quantum Poincaré group in D = 4. A bicovariant calculus on the A, B, C, D, quantum groups can be entirely constructed in terms of the corresponding R matrix [5, 6, 7] . Here we will to do the same for IGL q (n) (and its unitary and unimodular restrictions).
The plan of the paper is: 1) to define IGL q (n), ISL q (n), IU q (n), ISU q (n); 2) to find the corresponding R matrix; 3) to construct a bicovariant differential calculus in terms of R. We conclude with some remarks about the q-Poincaré group in D = 4.
Inhomogeneous quantum groups have been defined in [8] . Here we adopt a slightly modified definition, due to the q-determinant of the homogeneous submatrix not being constrained to be the identity element I. The quantum inhomogeneous group IGL q (n) is the associative algebra A freely generated by i) the non-commuting matrix entries
satisfying the commutation relations:
I being the identity element.
ii) the inverse ξ of the q-determinant of T , defined by:
where l(σ) is the minimum number of transpositions in the permutation σ. It is not difficult to check that ξ and det q T commute with all the elements T a b , and that:
The matrix R ab cd is the R-matrix of the corresponding A n−1 series [3] . The A matrix is the q-generalization of the antisymmetrizer:
Note that we do not impose det q T a b = I: we deal with IGL q (n) rather than with ISL q (n). We can then specialize the treatment of ref. [8] to the case without dilatation (w = 1). The price we pay is that the commutation of det q T a b with the off-diagonal x a aquires a q n factor. Setting the dilatation w to be the identity simplifies the formalism, but is by no means essential for the discussion that follows. We comment on this point later.
As in [8] , it is not difficult to show that the algebra A endowed with the coproduct ∆, the counit ε and the coinverse κ:
is a Hopf algebra. The proof goes as in [8] , with the additional check that ∆(x a det q T − q n det q T x a ) = 0 and ∆(x a ξ − q −n ξx a ) = 0 indeed hold. From eqs. (7) and (6) one deduces the co-structures on det q T and ξ:
The co-structures given in (11)- (16) can be compactly written as (A = (a, •)):
where
This suggests the existence of a R matrix such that
reproduces the commutations (4)- (5). The matrix
indeed serves this purpose, as the reader can verify. Indices are ordered as ab, a•,
relation of (24) yielding:
This correctly reduces to (4) after using the Hecke relation forR
(use it in the formR = (q − q −1 )I +R −1 ).
Note 1: the R matrix given in (25) satisfies the quantum Yang-Baxter equation:
Again the Hecke relation forR is crucial. For example setting the indices (28) Note 3: the homogeneous subgroup H can also be taken to be U q (n), using the usual * -conjugation on H defined by T * = [κ(T )] t . Then IGL q (n) reduces to IU q (n). As explained in [8] , the * -structure of H can be extended to the whole inhomogeneous quantum group.
Note 4:
Reinstating the dilatation w of ref. [8] , the det q T = I condition yields ISL q (n), or ISU q (n). The R matrix does not change, since the commutations of the matrix elements T We now turn to the construction of a differential calculus on IGL q (n). When dealing with a quantum group of the A, B, C, D, series, we know how to formulate a bicovariant differential calculus in terms of the corresponding R matrix and the diagonal D matrix defined by:
(cf ref.s [5, 6, 7] ). Can we apply the same construction to the case of IGL q (n) ? As we argue in the following, the answer is yes. The basic object is the braiding matrix
which is used in the definition of the exterior product of quantum (left-invariant) one forms ω B A :
and in the q-commutations of the quantum Lie algebra generators χ
where the structure constants are explicitly given by:
and χ
The braiding matrix Λ and the structure constants C defined in (30) and (33) satisfy the conditions 
The value of κ 2 on the off-diagonal elements x a is computed as follows:
where we have used
deducible from the RT T relation (3), and the useful identity
valid for the R matrix of the A n−1 series. Then
Having d a and d
• we can compute the Λ components according to eq. (30) and find the explicit form of the q-algebra (32):
where the Λ
is the braiding matrix of the subgroup GL q (n), given in (47). Thus the commutations in (43) are those of the q-subalgebra GL q (n). Note that the q → 1 limit on the right hand sides of (43) and (44) is finite, since the terms in square parentheses are a (finite) series in q − q −1 , and the 0 − th order part vanishes (see [7] , eq. (5.55)). We have written here only a subset X of the commutation relations (32). This subset involves only the χ 
= structure constants of the homogeneous subalgebra (52)
Now the important thing is that these are the only non-vanishing Λ
components and the only non-vanishing C
D 1 components with indices C 1 , C 2 , B 1 , B 2 corresponding to the subset X. Because of this, they satisfy by themselves the bicovariance conditions (34)-(37), as the sums do not involve other components. Then (43)-(44) defines a bicovariant quantum Lie algebra, and a consistent differential calculus can be set up, based on a Λ tensor whose only nonvanishing components are (47)-(51).
It is clear that our formalism can be directly applied to construct a differential calculus on the quantum Poincaré group in D = 4, i.e. on ISL q (2, C). A problem arises, however, because theR matrix of the Lorentz subgroup (seen as the complexification of SL q (2), cf. ref. [11, 12] ) does not satisfy the Hecke relation. This can be cured by complexifying the whole ISL q (2), i.e. by considering the quantum Poincaré group as generated by the matrix elements: 
We report on this in ref. [13] .
It would be worthwhile to extend the results of this letter to the inhomogeneous quantum groups whose homogeneous part belongs to the B, C, D series.
